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Introduction

A dull proof can be supplemented by a geometric analogue so simple and
beautiful that the truth of a theorem is almost seen at a glance.
—Martin Gardner

About a year after the publication of Proofs Without Words: Exercises in Visual Thinking by
the Mathematical Association of America in 1993, William Dunham, in his delightful book
The Mathematical Universe, An Alphabetical Journey through the Great Proofs, Problems,
and Personalities (John Wiley & Sons, New York, 1994), wrote

Mathematicians admire proofs that are ingenious. But mathemati-
cians especially admire proofs that are ingenious and economical—lean,
spare arguments that cut directly to the heart of the matter and achieve
their objectives with a striking immediacy. Such proofs are said to be
elegant.

Mathematical elegance is not unlike that of other creative enter-
prises. It has much in common with the artistic elegance of a Monet
canvas that depicts a French landscape with a few deft brushstrokes or
a haiku poem that says more than its words. Elegance is ultimately an
aesthetic, not a mathematical property.

... an ultimate elegance is achieved by what mathematicians call a
“proof without words,” in which a brilliantly conceived diagram conveys
a proof instantly, without need even for explanation. It is hard to get more
elegant than that.

Since the books mentioned above were published, a second collection Proofs With-
out Words 1I: More Exercises in Visual Thinking was published by the MAA in 2000, and
this book constitutes the third such collection of proofs without words (PWWs). I should
note that this collection, like the first two, is necessarily incomplete. It does not include all
PWWs that have appeared in print since the second collection appeared, or all of those that
I overlooked in compiling the first two books. As readers of the Association’s journals are
well aware, new PWWs appear in print rather frequently, and they also appear now on the
World Wide Web in formats superior to print, involving motion and viewer interaction.

I hope that the readers of this collection will find enjoyment in discovering or redis-
covering some elegant visual demonstrations of certain mathematical ideas, that teachers

vii
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viii Proofs Without Words 11T

will share them with their students, and that all will find stimulation and encouragement to
create new proofs without words.

Acknowledgment. 1 would like to express my appreciation and gratitude to all those in-
dividuals who have contributed proofs without words to the mathematical literature; see
the Index of Names on pp. 185-186. Without them this collection simply would not ex-
ist. Thanks to Susan Staples and the members of the editorial board of Classroom Resource
Materials for their careful reading of an earlier draft of this book, and for their many helpful
suggestions. I would also like to thank Carol Baxter, Beverly Ruedi, and Samantha Webb of
the MAA’s publication staff for their encouragement, expertise, and hard work in preparing
this book for publication.

Roger B. Nelsen

Lewis & Clark College

Portland, Oregon

Notes

1. The illustrations in this collection were redrawn to create a uniform appearance.
In a few instances titles were changed, and shading or symbols were added or deleted for
clarity. Any errors resulting from that process are entirely my responsibility.

2. Roman numerals are used in the titles of some PWWs to distinguish multiple PWW's
of the same theorem—and the numbering is carried over from Proofs Without Words and
Proofs Without Words 1I. So, for example, since there are six PWWs of the Pythagorean
Theorem in Proofs Without Words and six more in Proofs Without Words 11, the first in this
collection carries the title “The Pythagorean Theorem XIII.”

3. Several PWWs in this collection are presented in the form of “solutions” to prob-
lems from mathematics contests such as the William Lowell Putnam Mathematical Com-
petition and the Kazakh National Mathematical Olympiad. It is quite doubtful that such
“solutions” would have garnered many points in those contests, as contestants are advised
in, for example, the Putnam competition that “all the necessary steps of a proof must be
shown clearly to obtain full credit.”
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Geometry & Algebra 3

The Pythagorean Theorem XII|

(x4)

—José A. Gomez
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4 Proofs Without Words 11T

The Pythagorean Theorem XIV

cZ
(12
1 1
b2
~N
~N
1 1
~N
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H €
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Geometry & Algebra 5

The Pythagorean Theorem XV

| OOQ

(2¢)? = 2% + 2a* + 217

s =d+ b

—Nam Gu Heo
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6 Proofs Without Words 11T

The Pythagorean Theorem XVI

The Pythagorean theorem (Proposition 1.47 in Euclid’s Ele-
ments) is usually illustrated with squares drawn on the sides
of a right triangle. However, as a consequence of Proposition
VI.31 in the Elements, any set of three similar figures may be
used, such as equilateral triangles as shown at the right. Let

T denote the area of a right triangle with legs a and b and hy- T, T
potenuse c, let T, T;, and T, denote the areas of equilateral
triangles drawn externally on sides a, b, and ¢, and let P de- Ty
note the area of a parallelogram with sides a and b and 30°
and 150° angles. Then we have
1. T=P.
Proof.
b b
. L] a P
T, 7 a — 7 T,|a
1
2. 1. =T, +T,.
Proof.
{7
= % P
T}
T o
—Claudi Alsina & RBN
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Geometry & Algebra 7

Pappus’ Generalization of the Pythagorean
Theorem

Let ABC be any triangle, and ABDE, ACFG any parallelograms described externally on AB
and AC. Extend DE and FG to meet in H and draw BL and CM equal and parallel to HA.
Then, in area, BCML = ABDE + ACFG [Mathematical Collection, Book 1V].

H
E
4 G
m |
D F
B C B C

A
—
B \N B C
L M L M

—Pappus of Alexandria (circa 320 CE)
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Proofs Without Words III

A Reciprocal Pythagorean Theorem

If a and b are the legs and 4 the altitude to the hypotenuse ¢ of a right triangle, then

1 1 1
2T ET R’

S

Norte: For another proof, see Vincent Ferlini, Mathematics without (many) words, College
Mathematics Journal 33 (2002), p. 170.

—RBN
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Geometry & Algebra 9

A Pythagorean-Like Formula

Given an isosceles triangle as shown in the figure,
we have c c

A =d+bd.

Proof.

2. JPEAERN
P \
e N
- A\
L7 \
A\ \
\ \
\ \
\ \
\
: 2
IR h
\
\\ '_
1
1
2
x+y=d X
x—-y=b
3 4.
a7 I a*
1 1
1
1 1
: I 7
\ o
) bd
2_ .2 /
X =y xzfyzzbd
—Larry Hoehn
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10 Proofs Without Words 11T

Four Pythagorean-Like Theorems

Let T denote the area of a triangle with angles «, 8, and y; and let T,,, T, and 7T, denote
the areas of equilateral triangles constructed externally on the sides opposite o, §, and y.

Then the following theorems hold:

LIlfa=n/3,thenT +T, =T+ T,.

Proof.

—Manuel Moran Cabre
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Geometry & Algebra 11

IL If o« =27 /3, then T, =Tg + T, +T.

Proof.

—RBN
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Split by PDF Splitter

12 Proofs Without Words 11T

I If « =7 /6, then T, + 3T =T + T,.

Proof.

—Claudi Alsina & RBN
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Geometry & Algebra 13

IV. If « =57 /6,thenT, = T3 + T, + 3T.

Proof.

e

D

Norte: In general, T, =T + T, — V3 T cota.
—Claudi Alsina & RBN
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Split by PDF Splitter
14 Proofs Without Words 11T

Pythagoras for a Right Trapezoid

A right trapezoid is a trapezoid with two right angles. If a and b are the lengths of the bases,
h the height, s the slant height, and ¢ and d the diagonals, then

A+ d? = s* + h* + 2ab.

Wk

ab

x? a*+b*=x*+2ab

ab

CHd =@+ + B+ 1) =x>+2ab+ 20 = 5* + W + 2ab.

—Guanshen Ren
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Geometry & Algebra 15

Pythagoras for a Clipped Rectangle

An (a, b, c)-clipped rectangle is an a x b rectangle where one corner has been cut off to
form a fifth side of length c. If d and e are the lengths of the two diagonals nearest the fifth

side, then

@+ b+ =d*+

A+ +F=a+ P+ (P 4y =@+ )+ B +y) =d + e

—Guanshen Ren
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Heron’s Formula

(Heron of Alexandria, circa 10-70 CE)

The area K of a triangle with sides a, b, and ¢ and semiperimeter s = (a + b+ ¢)/2 is

K = /s(s —a)(s — b)(s — ¢).

c

s=x4+y+z,x=s—a,y=s—b,z=s—c.

. K=r(x+y+z) =rs.

X y z
2. xyz=r(x+y+27)=rs.
ryz Xz
N L
s
v = 1z
£ % >
<
xyz <
2(x+
«/p (x+y)
v ]
rz(x +y)

3. K=" = sxyz = s(s — a)(s — b)(s — ¢).

—RBN
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Every Triangle Has Infinitely Many Inscribed
Equilateral Triangles

—Sidney H. Kung
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Every Triangle Can Be Dissected into Six
Isosceles Triangles

— Angel Plaza
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More Isosceles Dissections

1. Every triangle can be dissected into four isosceles triangles:

2. Every acute triangle can be dissected into three isosceles triangles:

3. A triangle can be dissected into two isosceles triangles if it is a right triangle or if one
of its angles is two or three times another:

—Des MacHale
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Viviani's Theorem I

(Vincenzo Viviani, 1622-1703)

In an equilateral triangle, the sum of the distances from any interior point to the three sides
equals the altitude of the triangle.

—James Tanton
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Viviani's Theorem lll

In an equilateral triangle, the sum of the distances from an interior point to the three sides
equals the altitude of the triangle.

—Ken-ichiroh Kawasaki
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Ptolemy’s Theorem |

In a quadrilateral inscribed in a circle, the product of the lengths of the diagonals is equal
to the sum of the products of the lengths of the opposite sides.

C C
B B
D D
A A

/DCM = /ACB
C C
B B
D D
A A
ADCM ~ AACB ABCM ~ AACD
CD AC BC AC
MD ~ AB BM ~ AD
AB-CD = AC - MD BC-AD = AC - BM

o.AB-CD+ BC-AD = AC(MD + BM) = AC - BD.

—Ptolemy of Alexandria (circa 90-168 CE)
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Ptolemy’s Theorem i

In a quadrilateral inscribed in a circle, the product of the lengths of the diagonals is equal
to the sum of the products of the lengths of the opposite sides.

a+B+y+8=180

ef

c.ef =ac+bd.

—William Derrick & James Hirstein
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Equal Areas in a Partition of a Parallelogram

Lat+tb+c=d
Het+f=g+h

—Philippe R. Richard
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The Area of an Inner Square

Area g =w-v1+x2=1-(1 —x),
(1—x)?

Areall = w? = —
1+ x2

—Marc Chamberland
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The Parallelogram Law

In any parallelogram, the sum of the squares of the sides is equal to the sum of the squares
of the diagonals.

Proof.

—Claudi Alsina & Amadeo Monreal
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The Length of a Triangle Median via the
Parallelogram Law

al2 al?

20 4+ 2¢% = a® + 2my)?,

1
Somg = 5\/ 2b% 4+ 2¢% — a2,

—C. Peter Lawes
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Two Squares and Two Triangles

If two squares share a corner, then the vertical triangles on either side of that point have
equal area.
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The Inradius of an Equilateral Triangle

The inradius of an equilateral triangle is one-third the height of the triangle.

—Participants of the Summer Institute Series
2004 Geometry Course

School of Education, Northeastern University
Boston, MA 02115
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A Line Through the Incenter of a Triangle

A line passing through the incenter of a triangle bisects the perimeter if and only if it bisects
the area.

a+b+c

AbottomZAtop < d+b,+C,=C—C,+b—b,= >

—Sidney H. Kung
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The Area and Circumradius of a Triangle

If K, a, b, c, and R denote, respectively, the area, lengths of the sides, and circumradius of

a triangle, then

abc

h a/2 h_lab

b R o ’
1 1 ab
K= —he=-2¢
2 4 R
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Beyond Extriangles

For any AABC, construct squares on each of the three sides. Connecting adjacent square
corners creates three extriangles. Iterating this process produces three quadrilaterals, each
with area five times the area of AABC. In the figure, letting [ ] denote area, we have

[A1A2A3A4] = [B1B2B3B4] = [C1C,C3C4] = 5[ABC].

A
C
C
C
Bl a C
b Ay
“ b
A3
a
Ay
c B, 5
C
a b A
a b C2
© C3
C c b
a b Bs
a
b
Cy
@
a a
b
B,
b

—M. N. Deshpande
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A 45° Angle Sum

(Problem 3, Student Mathematics Competition of the Illinois Section of the MAA,
2001)

Suppose ABCD is a square and n is a positive integer. Let X, X5, X3, - - -, X, be points on
BCsothatBX; = X1 X, = --- = X,,_1X, = X,,C. LetY be the pointon AD so that AY = BX].
Find (in degrees) the value of

LAX)Y + LAXDY + -+ - + LAX,)Y + LACY.

Solution. The value of the sum is 45° . Proof (for n = 4):

B X X, . X, c
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Trisection of a Line Segment Il

—Robert Styer
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Two Squares with Constant Area

If a diameter of a circle intersects a chord of the circle at 45°, cutting off segments of the
chord of lengths a and b, then a® + b? is constant.

45°

<

r

r

@+ b =27
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Four Squares with Constant Area

If two chords of a circle intersect at right angles, then the sum of the squares of the lengths of
the four segments formed is constant (and equal to the square of the length of the diameter).

N\

Proof.

b2
dz
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a+b2+cl+d?

—RBN
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Squares in Circles and Semicircles

A square inscribed in a semicircle has 2/5 the area of a square inscribed in a circle of the
same radius.

w |

/ _

Proof.

—RBN
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The Christmas Tree Problem

(Problem 370, Journal of Recreational Mathematics, 8 (1976), p. 46)

An isosceles right triangle is inscribed in a semicircle, and
the radius bisecting the other semicircle is drawn. Circles
are inscribed in the triangle and the two quadrants as shown.
Prove that these three smaller circles are congruent.

Solution.

This content downloaded from 128.250.144.144 on Sun, 05 Jun 2016 15:43:07 UTC
All use subject to http://about.jstor.org/terms



Split by PDF Splitter

40 Proofs Without Words 11T

The Area of an Arbelos

Theorem. Let P, O, and R be three points on a line, with Q lying between P and R. Semi-
circles are drawn on the same side of the line with diameters PQ, QR, and PR. An arbelos is
the figure bounded by these three semicircles. Draw the perpendicular to PR at Q, meeting
the largest semicircle at S. Then the area A of the arbelos equals the area C of the circle
with diameter QS [Archimedes, Liber Assumptorum, Proposition 4].

S S
AN @ -
r 0 R 0

Proof.
A2 A2
4 /A0
A+A1+A2:BI+B2 B]ZAI"FC] B2:A2+C2

A+AI+A =A+C+A+ G
A=C+G =C

—RBN
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The Area of a Salinon

Theorem. Let P, O, R, S be four points on a line (in that order) such that PQ = RS. Semi-
circles are drawn above the line with diameters PQ, RS, and PS, and another semicircle
with diameter QR is drawn below the line. A salinon is the figure bounded by these four
semicircles. Let the axis of symmetry of the salinon intersect its boundary at M and N. Then
the area A of the salinon equals the area C of the circle with diameter MN [Archimedes,
Liber Assumptorum, Proposition 14].

N N
A=C
A C
P QKJR S
M M
Proof.
1.
LA
2
2.

X =

(SIE]

}

—RBN
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The Area of a Right Triangle

Theorem. The area K of a right triangle is equal to the product of the lengths of the seg-
ments of the hypotenuse determined by the point of tangency of the inscribed circle.

Proof.

—RBN
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The Area of a Regular Dodecagon Il

A regular dodecagon inscribed in a circle of radius one has area three.

—

\ 2L 4

—RBN
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Four Lunes Equal One Square

Theorem. If a square is inscribed in a circle and four semicircles constructed on its sides,
then the area of the four lunes equals the area of the square [Hippocrates of Chios, circa
440 BCE].

£

N

Proof.

)

C
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Lunes and the Regular Hexagon

Theorem. If a regular hexagon is inscribed in a circle and six semicircles constructed on
its sides, then the area of the hexagon equals the area of the six lunes plus the area of a
circle whose diameter is equal in length to one of the sides of the hexagon [Hippocrates of
Chios, circa 440 BCE].

P
_ 2N
O-{8)
N
~ -
7N Y
-y ()-e
N

[4-70(r/2)2 = 702]

—RBN

This content downloaded from 128.250.144.144 on Sun, 05 Jun 2016 15:43:07 UTC
All use subject to http://about.jstor.org/terms



Split by PDF Splitter

46 Proofs Without Words 11T

The Volume of a Triangular Pyramid

1
VPrism = (VPrism - VPyramid) +3x gVPyramid

1V i ! Vbri Vpyrami
+§ Prism 1 g ( Prism — Pyram]d)

1

VPyramid = gVPrism

—Poo-Sung Park
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Algebraic Areas IV
1 1
I.ax—by:E(a+b)(x—y)+§(a—b)(x+y)
X //
- I
Y |
a b
|
| |
| |
|
________ | :
! | Xty
= x e
|
L _________u
- a+b >
a-b
1 1
II.ax+by=E(a-l—b)(x—f-y)—i-z(a—b)(x—y)
X ~ \\
+ R % N
b \
a
atb
— x-y
a-b
—Yukio Kobayashi
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Componendo et Dividendo, a Theorem
on Proportions

a+b_c+d
a—b c—d’

Ifbd;eOandg:g;é 1, then

—Yukio Kobayashi
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Completing the Square Il

x+al2 al2

|
al2i
|
L - - _

al2 X

al? x+al2

o+ - () v

—Munir Mahmood
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Candido’s Identity

(Giacomo Candido, 1871-1941)

[P+ 57 + (492 =20 +y* + e+ )Y

2.
(c+p)*
4x32 | 2xy

yz y4 }/4
X2| x4 x4 2xy

x2 y2 X2 2xy y2

s 77
2l = (x+ )
x2 2xy 32

Note: Candido employed this identity to establish [F? + F2, | + F2,1* = 2[F}! + F} | +
Fn4 2], where F, denotes the nth Fibonacci number.
—RBN
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Sine of a Sum or Difference (via the Law
of Sines)
B
A
secB
1
90° -4 ]
tan4 tanB
sin(A + B) _ sin(90° — A)
tanA + tanB sec B
. sin(A + B) = cos A cos B(tan A + tan B)
= sinAcos B + cosAsinB
tanB
- o tanA >
sin(A — B) _ sin(90° — A)
tanA — tanB sec B
.sin(A — B) = cos A cos B(tanA — tan B)
= sinAcos B — cosAsinB
—James Kirby
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Cosine of the Difference |

cos(a — B) = cos cos B + sina sin 8.

cosa
]
Z
S
o
H
[
E
O
sinf
II.
sinf
[
a
cosa
| m e
~ I w
ZF i
=} |
9 I
I
1 5 H ! [

—VWilliam T. Webber & Matthew Bode
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55
Sine of the Sum IV and Cosine of the
Difference Il
I. sin(u + v) = sinucos v + sin v cos u.

%.\
< %
£ .
sin #°cos v sin v-cos u

< sin(u + v) »

—Long Wang
II. cos(u — v) = cosucosv + sinusinv.

coS u'sin v

COS 1°COS V sin u-sin v

cos(u —v)

—David Richeson
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The Double Angle Formulas IV

sin2x = 2 sinxcosx and cos2x = cos” x — sin” x

cos2x sinx
, O
I
I
I
I
I .
| sinxcosx
I
| 9.
| b
| 2
I
I
| X
I
. I
sin2x 1 I
I
I
I
I
I
I
O
I
: sinxcosx
I
I
I
x I
I
I
2 ] []
cosx

—Hasan Unal
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Euler’s Half Angle Tangent Formula

(Leonhard Euler, 1707-1783)

a+p  sina+sinf

tan =
2 cosa + cos B

———————————————————— (cosa, sin)

(cosp, sinf3)

\J

a+p  (sina+sinp)/2
2 (cosa+cosfB)/2

tan

—Don Goldberg
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The Triple Angle Sine and Cosine Formulas |

(2 X A
RS
Ast 4sin3x
X
A
%,
3sinx
At
1 o
Y- sin3x
/
X
X
X [1 VvV
3
Tsin3x = 3sinx — 4sin3x
c,ogfu 3
c0s3x = 4cos3x — 3cosx—> X
X
X
X
1 X 2%
<
X ACO
x[] []
cos3x = 3cosx —

—Shingo Okuda
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The Triple Angle Sine and Cosine Formulas Il

2c0Sxcos2x

2x

2sinxcos2x ,Lcoe,?)‘

1 sin3x

2x
sinx

3x

Ccosx cos3x

sin 3x = 2 sinxcos 2x + sinx,
= 2sinx(1 — 2 sin®x) + sin x,
= 3sinx — 4sin® x;

cos3x = 2coSxcos2x — Cos X,
= 2cosx(2cos’>x — 1) — cosx,

= 4cos’x — 3cosx.

—Claudi Alsina & RBN
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Trigonometric Functions of 15° and 75°

)
45°
V2
1
] 45°
\3 1
o o-va . St
sinl15° = ——, tan75° = ————, etc.
3 o2

Corollary. Areas of shaded triangles are equal (to 1/2).

—Larry Hoehn
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Trigonometric Functions of Multiples of 18°

1
@ 1 5+1
17 o-1 sin54° = cos 36° = % = \/—4+
2 _o—1= 1 1
¢ -e—1=0 sin 18° = c0s72° = — =
V541 20 V541
-T2

—Brian Bradie
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Mollweide’s Equation Il

(Karl Brandan Mollweide, 1774—1825)

sin (@ — B)/2) _a-— b

cos(y/2) ¢

sin((@—$)/2)  hjc _a—b
cos(y/2)  h/f(a—b) ¢

NortE: For another proof of this identity by the same author, see Mathematics without
words II, College Mathematics Journal 32 (2001), 68—69.
—Rex H. Wu
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Newton’s Formula (for the General Triangle)

(Sir Isaac Newton, 1642-1726)

cos((@ — B)/2) _a+b
sin(y/2) ¢

cos((@—p)/2)  hjc  a+b

sin(y/2)  h/f(a+b) ¢
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A Sine Identity for Triangles

x+y+z=m = 4sinxsinysinz = sin2x + sin2y + sin 2z

1 1 1 1
a) E(2R sin y)(2R sinz) sinx = 5R2 sin 2x + 5R2 sin 2y + 5R2 sin 2z.

1 1 1 1
b) E(ZR siny)(2Rsinz) sinx = ERZ sin 2y + ERZ sin2z — ER2 sin(2mr — 2x).

Notk: The identity actually holds for all real x, y, zsuch thatx +y+z = 7.
—RBN
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Cofunction Sums

sinx + cosx = «/Esin (x + %)

sinx

COSXx

Corollary. cosx — sinx = ﬁcos(x + /4) and cotx — tanx = 2 cot(2x).
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COSX cosx
[ X 1
/4
1 1
*‘
= N
Z 3
Q
x V2 3
= X 1
1 g X
W
1
x §
4 b4 <
x+= )
= 40 = 0
sinx tanx
cscx + cotx = cot(x/2)
]
X
2
= =
2 2
Q Q
+
=
2
Q
& X
=7 G 2
3 x/2
-
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The Law of Tangents |

tan (@ — B)/2) _a—b
tan (¢ + B8)/2) a+b

a
a+p
b
Ne ] o [
a—b

X

a+p a-p B
2 H 2

y yA

tan (@ —B)/2) _x/z 'y a—b

tan (@ + B)/2)  x/y z a+b

—Rex H. Wu

This content downloaded from 128.250.144.144 on Sun, 05 Jun 2016 15:51:41 UTC
All use subject to http://about.jstor.org/terms



Split by PDF Splitter

Trigonometry, Calculus, & Analytic Geometry 67

The Law of Tangents I

tan (@ — B)/2) a—b
tan (@ + B8)/2) a+b

b
a
b
(a+p)2
(a—p)2
a—b
at+b X
2
L Zl
y /
a—b
2

an((@—p)/2) _y/z _(a=b)/2 a-b
tan (« + B)/2)  x/z  (a+b)/2 a+b

—Wnm. F. Cheney, Jr.
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Need a Solution to x +y = xy?

sinf
6 ] \
cosb x secOcsch
secOcscl
secO
0 ]
csch

sec? 0 + csc? 6 = sec? O csc? 6.

This content downloaded from 128.250.144.144 on Sun, 05 Jun 2016 15:51:41 UTC
All use subject to http://about.jstor.org/terms

—RBN



Split by PDF Splitter

Trigonometry, Calculus, & Analytic Geometry 69

An ldentity for secx + tanx

+t t (n + x)
secx+tanx =tan{— + —
4 2

ENIIS|
| =
/

(ST
[
=
[
+
D=

secx tanx

Norte: Calculus students will recognize the expression sec x + tan x since it appears in the
indefinite integral of the secant of x. However, the first known formula for this integral,
discovered in 1645, was

T X
/secxdx =In ‘tan <Z + 5)‘ +C.

For details see V. F. Rickey and P. M. Tuchinsky, “An Application of Geography to
Mathematics: History of the Integral of the Secant,” Mathematics Magazine, 53 (1980),
pp. 162-166.

—RBN
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A Sum of Tangent Products

If o, B, and y are any positive angles such that « + 8 + y = 7 /2, then

tanatan B +tanBtany +tany tana = 1.

tana tanf
a
&GCQ—[:? tanatanf
%
e?‘oo
1
tany(tanc + tanf3)
a
B
14 ’7
tanc + tanf

—RBN
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A Sum and Product of Three Tangents

If o, B, and y denote angles in an acute triangle, then

tana +tan B +tany = tanwtan Stany.

a 14
tany tana + tanf
HEVAVA [
. p
g o
2 /S
s S
&
=y
8
0 E)
(04 -
&@OQ[ g
&
) Nz 5
g ) £
Q.
=
8
tanatanftany

NortE: The result holds for any angles «, 8, y (none an odd multiple of 7 /2) whose sum

is .
—RBN
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A Product of Tangents

tan(r/4+ o) -tan(w/4 —a) =1

A oo A
Fe=——— : 4
: ~ i
' /4| + y
1 <\l’ 1
1 a 5 :
: % 1
I £ 1 '
E o
. /4 tan(n/4-a) [ i
-t 1 > 1
—RBN
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Sums of Arctangents Il

m n—m T
O<m<n = arctan (—) + arctan = —
n n+m 4

L
B
m2 "
o /4 ,—
n—m m
n—m n—m
2 5
_(m o (n—m)/v2 o (n—m>
o = tan <n)’ B = tan <(n—m)/\/§+m«/§ = tan p—
a+pB=m/4
—Geoffrey A. Kandall
IL

<—n+m—>

N
D é—»
N

+—n— <t m >

—RBN
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One Figure, Five Arctangent Identities

T 1 1
— = arctan | — | + arctan | —
4 2 3

T 1
— = arctan (3) — arctan | —
4 2

T 1
— = arctan (2) — arctan | —
4 3

7 _ arctan (1) + arctan [ ~ ) + arctan ( &
2 — arctan arctan 2 arctan 3

m = arctan (1) + arctan (2) + arctan (3)

—Rex H. Wu
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The Formulas of Hutton and Strassnitzky

T 1 1
Hutton’s formula: 1= 2 arctan 3 + arctan 7 (1)

b4 1 1 1
Strassnitzky’s formula: 1= arctan 2 + arctan 3 + arctan 3 2)

Proof.

M 2)

NoTtE: Charles Hutton published (1) in 1776, and in 1789 Georg von Vega used it with
Gregory’s arctangent series to compute 7w to 143 decimal places, of which the first 126
were correct. L. K. Schulz von Strassnitzky provided (2) to Zacharias Dahse in 1844, who
then used it to compute 7 correct to 200 decimal places.

—RBN
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An Arctangent Identity

1
arctan (x + 1 +x2) = % + 3 arctan x

N1+ x2

—P. D. Barry
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Euler’s Arctangent Identity

1 1
arctan <—> = arctan (
X X

) + arctan (*)
+y ¥ 4+axy+1

- x2+xy+1 >
Y
; f
y
@, #
A £
+ 7 a
S
S
¢ rl
<« x(xty) > 1 —>»
a=p+vy.

Nortk: This is one of the many elegant arctangent identities discovered by Leonhard
Euler. He employed them in the computation of m. For x =y =1, we have Euler’s
Machin-like formula, 7 /4 = arctan(1/2)+ arctan(1/3). Forx =2 andy = 1, arctan(1/2) =
arctan(1/3)+ arctan(1/7). Substitute this into the previous identity, we obtain Hutton’s for-
mula, 7 /4 = 2arctan(1/3)+ arctan(1/7). In conjunction with the power series for arctan-
gent, Hutton’s formula was used as a check by Clausen in 1847 in computing 7 to 248

decimal places.
—Rex H. Wu
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Extrema of the Function a cost + b sint

(cost,sinf)

<

ax+by=0

lacost + bsint|
- <

d<1= <
Ja? + b?

—va?+b? < acost + bsint < a2+ b?

—M. Bayat, M. Hassani, & H. Teimoori
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A Minimum Area Problem

For positive a and b, find the line through the point (a, b) that cuts off the triangle of smallest
area K in the first quadrant.

Solution.
y y
A A
2 K>2ba
K>2ab
(a, b)
, (a,b) ,
- X X
a a 2a
Y
A
2b
(@.b) K=2ab
a’
b
> X
a 2a
X y
AT A, ]
a + b

This content downloaded from 128.250.144.144 on Sun, 05 Jun 2016 15:51:41 UTC
All use subject to http://about.jstor.org/terms



80

The Derivative of the Sine

%sine = cosf

AV

sinf =y

Proofs Without Words III

X (X0, Vo)

—Donald Hartig
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The Derivative of the Tangent

— tan® = sec? 6

deo
AY
6+ A0
A(tanf)
secOsin(AB)
1
N
v
K
S
£ /A0 tan6
%@&
0
- X
0 1
sec (8 + A9) A (tan9)
1 " sec®sin (A6)
A (tan9) sin (A0)
——~= =secHsec(f + A9)
A6 A6
d
; (tan6) — e
dao

—Yukio Kobayashi
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Geometric Evaluation of a Limit Il

Nach :
Nos =2
y
A
V2 2
V2
-
\/E/' _____________________________ |
A o
1177 y=v2' Lo
y=x o
L _
0 o) /4 \\ 2
V2
—F. Azarpanah
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The Logarithm of a Number and Its Reciprocal

y
A
xy=1
1
1
a
» X
1 a
1 @1
/ —dy=/ —dx
1/a Y 1 X
1
—In—- =Ina
a

—Vincent Ferlini
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Regions Bounded by the Unit Hyperbola
with Equal Area

Xy =

\J

Proof.

= (=1/2)

\J
y
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The Weierstrass Substitution Il

(Karl Theodor Wilhelm Weierstrass, 1815-1897)

2z 1-7

T 142

—Sidney H. Kung
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Look Ma, No Substitution!

1 -1 1 — 2
/\/l—xzdx=C0S2 @ W T e-11].

2
I.Lae[-1,0]
A
y=v1-x2
- X
-1 a 0 1
1 —1 /
/ mdxzcos a+(—a) 1—612.
., 2 2
I. a € [0, 1]

b
A N 2
y=N1-x
> X
-1 0 a 1

—Marc Chamberland
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Integrating the Natural Logarithm

Inb

Ina

b
/ Inx dx

Inb
blnb—alna—/ e dy
1

na

xInx® — (b —a)

(xlnx—x)|la’

\J
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The Integrals of cos? 6 and sec? ¢

I [cos?0 df = 16 + 1sin26

/“ 2 1[“12
cos“0do = — —r-df
0 2Jo 2

1
=5 (AreaAOAC + AreaSectorACB)

A 7= 2cos0O
=l<1-1-sin2a+l-12~2a>
2\2 2
:—a+lsin2a
27 4
a 2a -
0 (1, 0) B2,0)

II. [sec’6 df = tan6

A
7= sect sec” 0df =2 —r-d6f
0 0o 2
= 2 AreaAOBA
1
:2(—-1~tana)
2
=tan«a
a
|—
0 B(1, 0)
—Nick Lord
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A Partial Fraction Decomposition

(0, 0) 1 1
n+1 n
1 1 1 1 A 1 1 1 1
P DR B VG N S RS S |
n n+1 1 1/n n n+l n n+1

—Steven J. Kifowit
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An Integral Transform

b b (a+b)/2
/f(x)dx=/ f(a+b—x)dx=/ (f(x) + fla+b—x))dx

b
:f (fx)+ fa+b—x))dx
(

a+b)/2

(@fb)! (b.f(b))

(b, fla))

y

a (a+b)2 b

Example.

/4 /8
/ In(1 + tanx)dx = / (In(1 + tanx) + In(1 + tan(w /4 — x))) dx
0 0

/8 1 —tanx
= In(1 +tanx)+In|{14+——— | )dx
0 1 + tanx

/8
:/ 1n2dx:zln2.
0 8

1
Exercises. (a) / m = %; (b) / arctan(e)dx = %;
1

2 dx
= , d —_— =
(C) / 4 + 2¢\ ( )/0 1 + esinx

—Sidney H. Kung
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The Arithmetic Mean—-Geometric Mean
Inequality VII

2
I.
, 1
, |
s |
Va ;S
0T 7 e
\6 \/Z ) / . \/E
[] i
\b \b
a b
—Edwin Beckenbach & Richard Bellman
1I.
- T 7"
|
I
1
\b = b ;
\a : Na
I
Vb Va Va Vb
a+b>2v/ab.
—Alfinio Flores
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The Arithmetic Mean—-Geometric Mean
Inequality VIII (via Trigonometry)

I.xe(O,n/Z) = tanx+ cotx > 2.

& X

&
*/ 2
§

* u|

¢« 2cotx ——————x— 2tanx —

II.a,b>0 = %bz«/ab.

Va
* O
\b
va \/E> a+b>
ﬁ+%_2 = > _\/J

—RBN
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The Arithmetic Mean-Root Mean
Square Inequality

Q
@\
S

H-———->
H-——————=-

al2 b2

—Juan-Bosco Romero Mérquez
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The Cauchy-Schwarz Inequality |l
(via Pappus’ theorem*)

(Augustin-Louis Cauchy, 1789-1857; Hermann Amandus Schwarz, 1843-1921)
lax + by| < v a? + b2/x2 + y?

VX2 + y2

Na2 + b2

Ny

\ 22

Va2 + b2

VX2 +y2

NaZz + b2

lax + byl < |al Ix| + [bl [y] < Va* + b*y/x* + 7.

*See p. 7.
—Claudi Alsina
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The Cauchy-Schwarz Inequality lli

lax + by| < Va* + b/ x> + y*

x| 2+y2 242
Na2 + b2
|al
_ < Va2 + b2
n \l/ -
b
|b|

lax + byl < lal x| + 1B] [y] < Va? + b2/x% + y2.

—RBN
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The Cauchy-Schwarz Inequality IV

Il L

Wl

lal x| + bl [yl = V@ + b*y/x* + y?*sinz

= l{a, b) - {x, y)| < {a, b) |l I (x, I -

—Sidney H. Kung
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The Cauchy-Schwarz Inequality V

lax + by| < Va* + b/ x> + y*

Va2 + 12 22
|| b

|bllx x| Va2 + b2

a2 + b2 lally]

-

|allx| b1yl

lax + by| < lal || + |l Iy] < Va? + B/ + y2.

—Claudi Alsina & RBN
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Inequalities for the Radii of Right Triangles

If r, R, and K denote the inradius, circumradius, and area, respectively, of a right triangle,
then

I. R+r>+2K.

v

r

b-r a—r
2R=a+b-2r

A
\J

b
R+r:a; > ab = +2K.

IL R/r>+2+1.

NoTE: For general triangles, the inequalities are R + r > v K+/3 and R / r > 2, respectively.
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Ptolemy’s Inequality

In a convex quadrilateral with sides of length a, b, ¢, d (in that order) and diagonals of
length p and ¢, we have pg < ac + bd.

Proof.

b x ABAD

Pq

Norte: The angle at the top of the figure 8, + B + B2 + §; is drawn as being smaller than 7,
but the broken line representing ac + bd is at least as long as the base of the parallelogram
in any case. In a cyclic quadrilateral we have Prolemy’s theorem, see pp. 22-23.

—Claudi Alsina & RBN
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An Algebraic Inequality |

(Problem 4, 2010 Kazakh National Mathematical Olympiad Final Round)

For x, y > 0 prove the inequality

V2= x4 1V =y 1+ V2 x4+ 12 +y+ 12 2(x+y).

Solution. (via Ptolemy’s inequality):

Vx2+x+1
Vx2—x+1 2 y+1
B2+y+1

V2 —x+ WP =y T+ V2 x4 VY +y+ 1220+,

—Madeubek Kungozhin & Sidney H. Kung
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An Algebraic Inequality I

(Problem 12, 1989 Leningrad Mathematics Olympiad, Grade 7, Second Round)

103

Leta>b>c>0,andleta+ b+ c < 1.Prove a® + 3b* + 5¢* < 1.

Solution.

a b c
0
2 @
a a? b
0
b b2 b2 C
c c2 c2 c2

a2+3b2—|—502§(a+b+c)2§1.

—Wei-Dong Jiang
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The Sine is Subadditive on [0, ]

Ifxy >0fork=1,2,...,nand ) ;_, xx <, then

. n n .
S X ) < S1n Xxj.
() = X s

Proof.

—Xingya Fan

This content downloaded from 128.250.144.144 on Sun, 05 Jun 2016 15:54:25 UTC
All use subject to http://about.jstor.org/terms



Inequalities 105

The Tangent is Superadditive on [0, /2)

Ifxy >0fork=1,2,...,nand ) ;_, x <n/2,then

tan (ZZZI xk) > Z:zl tan xy.

Proof.

A

> tan x,,

=1 tan [EZ = 1xk}
> tan xy,
>1
tan x 1
Y [ \/
1
—Rob Pratt
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Inequalities for Two Numbers whose
Sum is One

q
(a) (b)
P p+l
1
q g+x
p q it +l
q Pty
@ 1=4pg = S+.=4
2 2 2
(b)Z(p+,l,) +2(q+},) 2(1)+%+q+$) > (144) =25.
—~Claudi Alsina & RBN
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Padoa’s Inequality

(Alessandro Padoa, 1868-1937)

If a, b, c are the sides of a triangle, then

abc>(@a+b—c)b+c—a)c+a-—D>b).

be—yl

abc = (y+2)(z+x)(x+y)
> 2/y2- 2/2x - 2/xy
= (22)(2x)(2y)
=(a+b—-c)b+c—a)c+a—Db).

—RBN
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Steiner’s Problem on the Number ¢

(Jakob Steiner, 1796-1863)

For what positive x is the xth root of x the greatest?

Solution. x >0 = /x <./e.

A y=eve V)
y=x y= t1/x
el/e
xl/x
2
1 l
: X t
0 e 0

x < e xl/x < el/e
[In the right-hand figure, x > 1; the other case differs only in concavity.]

Corollary. e¢* > 7°.

—RBN
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Simpson’s Paradox
(Edward Hugh Simpson, 1922-)

1. Popularity of a candidate is greater among women than men in each town, yet popularity
of the candidate in the whole district is greater among men.

2. Procedure X has greater success than procedure Y in each hospital, yet in general, pro-
cedure Y has greater success than X.

(b+d,a+c)
(d, )
(B+D,A+C)
(D, C)
(B, 4)
(b, a)
a A c C at+c A+C
- < —and - < —, yet > —.
b B d D b+d C+D

1. Intown 1, B = the number of women, » = the number of men, A = the number of women
favoring the candidate, @ = the number of men favoring the candidate; and similarly for
town 2 with D, d, C, and c.

2. In hospital 1, B = the number of patients treated with X, b = the number of patients
treated with Y, A = the number of successful procedures with X, a = the number of
successful procedures with Y'; and similarly for hospital 2 with D, d, C, and c.

—Jerzy Kocik
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Markov’s Inequality

(Andrei Andreyevich Markov, 1856-1922)

P[XEGJE@
a

Xn—1

1 2 3 m—1 m m+1 n—-1 n

n
m _ 1 (3
Xp = a = ma =< E Xi=> —=<-|\-———],
n a

i=1
E[X]

S PX >a]l < .
a

—Pat Touhey
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Sums of Odd Integers IV

14345+ +@Qn—-D=n
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Sums of Odd Integers V

1+34+5+--+@2n—1)=n’

o @) @) @) @) @)

@) @) @) @) @) @)

2[1 43454+ @Qn—1)] =2n%

—Timothée Duval
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Alternating Sums of Odd Numbers

Z Qk—1)(=1"*=n

k=1
n odd: +

000

+ + + + +

©0COOOOOO

+ + + + + + + + +

- - - + -

+ + +

00000

+ + + + + + +

©0CO0OOOOOOO

+ + + + + + + + + + +

- - - - - -

—Arthur T. Benjamin
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Sums of Squares X

DI
174 2% + +n—6n(n+1)(2n+1)

6(12) = (H(2)(3) @
6(12+22) = (2)3)(5)

6(17 2% +3%) = (3)(4)(7)

_—
‘\s\?zw

6(12+22+ - +n2) =)+ DH2n+1)

NoTE: For a four-dimensional illustration of the sum of cubes formula, see Sasho Kala-
jdzievski, Some evident summation formulas, Math. Intelligencer 22 (2000), pp. 47-49.

—Sasho Kalajdzievski
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Sums of Squares XI

n n

Xn: B = Z Z min(i, j)
k=1

i=1 j=1

>
k=1

n

> ; min(i, j)

i=1 j=I

—Abraham Arcavi & Alfinio Flores
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Alternating Sums of Consecutive Squares

-3+ =-5+6
42 _5246>—774+8=-924+10> — 112 4+ 12?
62— +8—924+10> =112+ 122 = —132 + 14> — 15 + 16> — 17> + 18>
@n)* = @n+ 17+ + @) = —@n+ D’ + (4n +2)" — - + (6n)*

E.g., forn =2:

82— 7P+ 6>—5>+47 = 122 — 112 + 10> — 92,

Exercise. Show that

37 =47+ 5
526> +77 = -8 +9>—10>+ 112
78249 107+ 117 = —122+ 132 — 142+ 152 - 16> + 17*

Q4172 —Q2n+22 +---+@n—17 = —@n)’ + @n+1)> — - 4 (6n — 1)?

—RBN
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Alternating Sums of Squares of Odd Numbers

n
Ifniseven, Y 2k — D*(—=1)f =2n%, e.g,n =4
=1

+H[+H][+H][+H]+H]+]+ ++H[+][+][+][+]+
—[=I=1=1=] [ +] [+
e e el el el i Bl R G B M G B R B | [F[HF] [+
e e e e e I e e e e e A B R B L B R
e e I el el el i Bl R G R G B R B Ea A EaEa e
=== [ + +
+H+H][+H[+]+]+]+ +[+H[+][+][F][+]+
-1 32 _52 72
++[+][+
iHHHH+i g e e S
F| [F[F[F] [H] Ht
+ [ [ o
=+ [F ] [ Ht
£ M. o
+ [+ e b
n
Ifnisodd, > 2k — 1*(=1)'=2n* - 1,e.g,n=5:
k=1
H[H[H[H[F][F][FH]F]+ H[+H[H[H]F][F]F][+]+
—[=I=1=1=1=1=] [+ 1+ [+
+H+[+][+]+] === [ | [ [+
== [FHHFF EEEEEEE 4] [+ +| [+]
e e e e ] e e e e e e e e R N R R B
=== [FFHEEE EEEEEEE FFEE +] |+ +| [+
++[+[+]+] === [ EREAEaEaEaEa N E
=== F A + +
+ [+ [+ [+ [F[F ][]+ HH[H[FH]F] ][]+
1 32 52 72 92
HH[F [+ H+ [+ +
[+ 4] +[+[+[+]+
EA R EAEEaEaE M Ea [+ [+
4] [+ 4] [+] +[+[+[+]+
] [ O[] A
I+ [+ +| [+ +[+[+[+]+
] [F[FFEE] [ +[+H[+[+]+
+ + +[+[+[+]+
+H [+ +[+H+[+]+

—Angel Plaza
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Archimedes’ Sum of Squares Formula

3Xn:i2=(n+1)n2+2n:i
i=1

i=1

|
O
]

]
Sz

o
b““:\ |
N
NN
NN

#

G,
i

PR

(]

A

—Katherine Kanim
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Summing Squares by Counting Triangles

(a+b+ci+@+b—ci+@—b+cP+(—a+b+c)
=4(a* +b* + )

Proof by inclusion-exclusion, where each A or V = 1, e.g., for (a, b, ¢) = (5,6, 7):

2c

a—b+tc —-at+b+c

at+b-c

2a >
atb+c >

A A

(a+b+c)P=Q2ay+ @b+ Q) —(a+b—cP’—(@a—b+c)—(—a+b+c).

—RBN

This content downloaded from 128.250.144.144 on Sun, 05 Jun 2016 15:58:52 UTC
All use subject to http://about.jstor.org/terms



Split by PDF Splitter

122 Proofs Without Words III

Squares Modulo 3

0O(mod3), n= 0(mod3)

2 — 2=
w=14+3+5+--+C2n—1)= n_{l(modS),nE:tl(mod3)

(3k)* = 3[(2k)* — k]

Gk—=12=143[Ck—=12=Gk—-1?% Gk+1?=1+3[2k+ 1) = (k+ 1)

—RBN
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The Sum of Factorials of Order Two

D(n+2)

nn+

+nn+1)

124234344

+n(n+ 1)].

3-[12+23+34+---

—Giorgio Goldoni
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The Cube as a Double Sum

Xn:i:(i+j—l)=n3

i=1 j=1

[ )]

n n

S=Y Y (i+j-1) = 25=n"-2n=2"
i=1 j=1

NoOTE: A similar figure yields the following result for sums of two-dimensional arithmetic
progressions:

m n

YD la+ = Db+ (= Del = 5= 24+ (m— Db+ (n = el

As with one-dimensional arithmetic progressions, the sum is the number of terms times the
average of the first [(i, j) = (1, 1)] and last [(Z, j) = (m, n)] terms.
—RBN
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The Cube as an Arithmetic Sum I

1=1
8=3+5
27=64+9+12
64=10+144+18+22

=142+ +n=>n=t,+,+n)+t,+2n)+ -+ (t, + (n— Dn)

—RBN
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Sums of Cubes VIl

P42 43+ 4 =0+243+--+n)

1-12

JAN

FAVAVAVA

—>

CHEHTH

>
S

AM/\A/\J,

P+2 43+ 4+ =04+24+3+---+n)

—Parames Laosinchai
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The Difference of Consecutive Integer Cubes

is Congruent to 1 Modulo 6

1(mod6).

n+17°-n

—Claudi Alsina, Hasan Unal, & RBN

This content downloaded from 128.250.144.144 on Sun, 05 Jun 2016 15:58:52 UTC

All use subject to http://about.jstor.org/terms



Split by PDF Splitter

128 Proofs Without Words IIT

Fibonacci Identities Il

(Leonardo of Pisa, circa 1170-1250)

h=h=1 FhL=FK +F., =

L @ FFBE+BFR+ -+ Py =F2 — 1,

2n+1
(b) AP + BF; + -+ + By 1Py, = F}.

(@) (b)[1

I FiFs + BFy+ -+ FoFoya = F2+ F2 4+ Fl,
= o1 Fongr — 1.
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Fibonacci Tiles

FOZO» Fl=1a E1+l=Fn+Fn—l =

anl anl

F2y = 2By — F} 4+ F2, Fly = F +3F +2F F
= 2anLanfl + Fn2 - Fn2,1
=2FF, 1 +F>+F*,
=FnF+ B+ Fnz_l
= Fup1Fp +Fn2 + FuFyy

anl anl
F, Fy,
F?>=F, |F, F,F,_, — F? F>=F,. F, 2
n — I'n+l n—1 + Fnln_z n—1 n — n+l n72+Fn71

—Richard L. Ollerton
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Fibonacci Trapezoids
I. Recursion: F, + F,11 = Fypo.
F, Fy

Fn+l Fn+1 : Fn+l Fn+1

60° 60° 60° 60° 60°
Fn Fn +1 Fn +2

II. Identity: 1 + > F; = F,12.
k=1

—Hans Walser
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Fibonacci Triangles and Trapezoids

n
F=F=1 Fo=Fha+FE = Y F=FFy
k=1

I. Counting triangles:

F, — F} F, —> 2F?
F, Fy,

n
IL. Identity: F? + Fn2+1 + Y 2Fk2 = (F, + F)*
k=1

(Fn + Fn + 1)2
L . Y F? =F,F.
k=1
—Angel Plaza & Hans Walser
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Fibonacci Squares and Cubes

F1=F2=1’ Fnan—l+E1—2 =

L F2,, =F>+F* | +2F,F,

n+1 =

Fn+l

IL B}, =F}+F | +3F_1FF.

n+l —

Fn+l

QUERY: Is there an analogous result in four dimensions?
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Every Octagonal Number is the Difference
of Two Squares

l=1=12-0°
1+7=8=3>-1%
1+74+13=21=5>-22
14+7+134+19=40="7>—3?

Op=1+T+-4+6n—5 =@2n—17%—(n—1)>

—RBN
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Powers of Two

N

I+ 142422+ 427 =2m

—James Tanton
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Sums of Powers of Four

2":4k _ g+l
k=0 3

O0O0O00O00O0J000000O0O0
OO0 0000000000000
OO0 0000000000000 O0
0 0000000[00000000
OO0 0000000000000 O0
OO0 0000000000000
O0OO0O00O00O0000000O0O0
O0OO0000000O00O000O0
O 0i0 OJo 00 O[O0 O O 0OI0 O O O
0 00 0|0 0/0 0J0 0000000
O 0iO O[O0 00 0|0 O O 00 O O O
0 0.0 0[0 00000000000
[Oio]oio]0 0i0 Ol0 O O 00O OO O
0i0[0i0]0 00 0|0 O O OO0 O O O
oloJoio]o 0o Olo O © 00 O O O
®[0]|0i0|0 0I0 0|0 O 0 00 0 0 O

1+1+2+4+...+2n=21"1

A

\J

T4+3(14+4+4 4 447 = (27) =4+,

—David B. Sher
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136

m 00 00 mﬂ/
ow " ooOoo ooOoo ! .._/.
> | Lt
S | Q0 i
...m N i OOO
H _ 1 OO 1
& =I5 | |
S L O
3 = | oo
% + ................. oo.oo Y X
o + oo
> s % -0-0e
...w Al T ....
(U M + o@e 0@
o = — o0
n <
c
= Al
rnw L 7 &
SE 5 1
OB = =
I
Ewe % <
3 0 o
nunm - 2

—
+

<
N
+

—Mingjang Chen
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Every Fourth Power Greater than One is the
Sum of Two Non-consecutive Triangular
Numbers

=142+ 4k = 2*=15+1=t5+1,
3 =66+ 15=1 +1s,
4* =190 + 66 = t19 + 111,

4 _
n = tn2+nfl + Lo _p_i-

l’l(l’l*])zztn71 [T

- P2+ ]l—

nin—1HO=2

NoTE: Since k> = t;,_; + #, we also have n* =t,,_| + t,2.
—RBN
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Sums of Triangular Numbers V

nn+ 1(n+2)

h=14+2+---+k = H+i+ -+t = o

7.

15

In

- (n+l)¢

I nn+1D@n+2)
— e

1
t1+t2+~-~+tn:8(n+1)3—(n+1)-8:

—RBN
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Alternating Sums of Triangular Numbers |l

2n
=142+ +k = > (-Dnu=2,
k=1

Eg,n=3:

O ® O + &) +
PP 060 + + & X&) + +
Hn QOO0 PPEF 06006 ++ +
B PEPEP® 060606 PPPF
1y 00000 PPPPF

s DPODODDD D
+ie

—Angel Plaza
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Runs of Triangular Numbers

h=14+2+4+---+k =
h+bh+t=14
Is+1c+ 17+ 13 =19+ 1o
i+t +h3+tha+hs =te +t7+ g

bppy Flhp o+ Flp g =ty Hhp o 0.
Eg.n=4:

I tig+t7+tg =15 +tl4+tl3+1~42+3~42+5~42;

. T

IL (14345 -4=122=tp+n11;

OL .ty + o + 13 + s + 15 = tie + 17 + Lig.

—Hasan Unal & RBN
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Sums of Every Third Triangular Number

th=14+2434+---+k = B+tet+to+---+t3,=3n+ 1),

I t3 = 3(k2 + t);

K? K2

v

IL Y (K1) =+ iy

1L -, ZZ:I s = 3(n+ 1)t,.
Exercise. Show that

bhtts+tg+ -+ t3—1 = 3nt,,
4t +tr+ -+t =3 — D, +n.

—RBN
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Triangular Sums of Odd Numbers

1+5494+---+@ln—-3) =ty

h=14+24---4+k = {3+7+11+...+(4n—1)212n

Eg.,n=235:
O
O O O
O O o0 O
OO O O O||0 O
O OO0 O OO O||O0 O
OO O||O0 O O O||O0 O||O0 O
O O||O0 Of|O0 O O||O O||O0 O||0 O
OO O||O O||0 O O O||0 O]||O O||0 O
O O||O0 O||O O]|0 O O||O O||O O||O0 O||0 O
OO O||O O||O0 O||0 O O O||O Of|O O]|O O||0 O
14+454+9+13417=45=1 3474+11+154+19=55=1
—Yukio Kobayashi
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Triangular Numbers are Binomial Coefficients

Lemma. There exists a one-to-one correspondence between a set witht, =1 4+2+--- +
n elements and the set of two-element subsets of a set with n + 1 elements.

Proof.

O 1
O O :
O O O 3
O OO0

O o O

O O O O
O O O O O -
© 0000060 0

Theorem. ¢, =1 +2+---4+n = tn=<”;1>.

—Loren Larson
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The Inclusion-Exclusion Formula for Triangular
Numbers

Theorem. Letty =1+2+---+kandfy =0.1f0 <a,b,c <nand2n < a+ b+ c, then

th=1tq+ 1+t —latb—n — tote—n — teva—n T tatbtc—2n-

Proof.

NOTES:

(HhIf0<a,b,c<n,2n>a+b+c, but n <min(a+b,b+c,c+a), thent, =1,+
tp+ 1t — Latb—n = to+c—n — leta—n + n—a—b—c-15
(2) the following special cases are of interest:
(@ (nsa,b,c)=C2n—kik,k, k),3t, —t) =tk — trk—n;
(b) (n;a,b,c) =(a+b+c;2a,2b,2), thy+tay +trae = taypre +lato—c + lapre +
I gtbtcs
(©) (n;a,b,c) = (3k; 2k, 2k, 2k), 3 (trx — t) = t3y.

—RBN
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Partitioning Triangular Numbers

h=1+2+-+k 1=<g<@n+1)/2 =

1. 1, = 32‘,, + 31‘(1_1 + 31‘,1_2(, — Ztn_3q, n—3q>0;

2. t, = 3lq + 3lq,1 + 3t,,,2q - 2l3q,n,1, n—3qg <0.

—Matthew J. Haines & Michael A. Jones
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A Triangular Identity Ii

24344=9=32-0?
5464+7+84+49=35=6>-1°
104+ 11+ 12413+ 14415+ 16 =91 = 10> — 32

=142+ 4n = tup—te =t —t

n—1

Eg.n=4:

000000000000
00000000000 ee
00000000000 ee f
000000000000 e nt(nt1)
0000000000000 4
0000000000000
00000000000 0000000n+1
0000000000000 000000 |
0000000000000 O00000

0000
0000
0000
0000
0000
0000

00000

@)

088 =l+1— o1
0000

00000

00000

©)

A A
:N
+
\J
=N

(o]ejelelelelelel Y I Y )
OOO0OOOOOOO0OO
000000000000
O00O0O0OOO0OO
Q00000000
OO0O00O0OOO0OO
Q00000000
O0O00O0OOO0O
OO0O0OOOO0OO
:
—> | ———»
E‘

000000000000
(o]e]ejolelclololelel6le)

SOOOOOOOOOOOO
O
O
O
O

gOOOOOOOOOOOO.
O
O
O
O
O
-

T
O000OOOOOOOOO0O
0000000000000 @

0000000

vl 1 —> 1, | —>

A

—RBN
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A Triangular Sum

n

tm)=14+2+---+n = Zt(Zk)zét(2”+l+l)—1

3y t(@) =12 +1)-3.
k=0

Exercises. (a) Xn: t(26—1) =1 (2" - 2);
k=1

(b)it(&zk—l):%[t(3~2”+1—2)—1].
k=0

—RBN
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A Weighted Sum of Triangular Numbers

th=14+243+---+n, n>1 =

n
Zktk+1 =11
=1

E.g.n=4:

2[ty + 213 + 3t4 + 415] = 2114 = 2t5_1.

L(9)-(0)

—RBN
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Centered Triangular Numbers

The centered triangular number c, enumerates the number of dots in an array with one
central dot surrounded by dots in 7 triangular borders, as illustrated below for ¢y = 1, c; =
4, Cy) = 10, C3 = 19, Cq4 = 31, and C5 = 46:

The ordinary triangular number ¢, isequalto 1 +2 4+ 34 --- 4 n.

I. Every ¢, > 4 is one more than three times an ordinary triangular number, i.e., ¢, =
1+ 3¢, forn>1.

cs=46=1+4+3-15=14+3(1+2+3+4+5)=1+31.

II. Every ¢, > 10 is the sum of three consecutive ordinary triangular numbers, i.e., ¢, =
tao1 + 1ty + tyy forn > 2.

)
ole
oogoo SH
. ee 000
0.0.0 = Y ) + 000 t ®
Cee%e° eeoee CC00 ogoo0o0o0
0®090®0 00000
000200 Q00000
0209099
000 e e e

cs=46 =104+ 15421 =t4+ 15 + t5.
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Jacobsthal Numbers

(Ernst Erich Jacobsthal, 1882-1965)

Let a, be the number of ways of tiling a 3 x nrectangle with 1 x 1 and 2 x 2 squares; b, be
the number of ways of filling a2 x 2 x n hole with 1 x 2 x 2 bricks, and ¢, be the number
of ways of tiling a 2 x n rectangle with 1 x 2 rectangles and 2 x 2 squares. Then for all
n>1,

a,=b,=c,.

Proof.

NotE. {a,};2, ={1,3,5,11,21,43,---}. These are the Jacobsthal numbers, sequence
A001045 in the On-Line Encyclopedia of Integer Sequences at http://oeis.org.

—Martin Griffiths

This content downloaded from 128.250.144.144 on Sun, 05 Jun 2016 15:58:52 UTC
All use subject to http://about.jstor.org/terms



Split by PDF Splitter

Infinite Series
&
Other Topics

151

This content downloaded from 128.250.144.144 on Sun, 05 Jun 2016 16:02:28 UTC
All use subject to http://about.jstor.org/terms



Split by PDF Splitter

This content downloaded from 128.250.144.144 on Sun, 05 Jun 2016 16:02:28 UTC
All use subject to http://about.jstor.org/terms



Split by PDF Splitter

Infinite Series & Other Topics 153

Geometric Series V

1/5

1/5

-— 12— 12—>

—Rick Mabry
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Geometric Series VI

1
1
3 \
1 n 1 N 1 T 1
9 92 9 K
The general result % + ”iz + n% cee = n—il can be proved using this construction with a

regular (n — 1)-gon (or even a circle).

—James Tanton
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Geometric Series VIl (via Right Triangles)
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Challenge. Can you create the next two rows?

B

—RBN
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Geometric Series VIl

ar ar a

y

a>0,re@0,1) = at+ar+art+ar +---=

1—r

—Craig M. Johnson & Carlos G. Spaht (independently)
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Geometric Series IX

Latar+ar+ =7, 0<r<l

) (5 5)

2
y=rx+a ar
ar
ar
a
a y=x
» X
_ 2_ .= _a .
II. a —ar + ar =15 O<r<l1:
AV
a
[_a a
ar? - 1+r’1+r
=—rx+ta Phe
47 ar
ar’
ar?
a
ar
y=x
> x

—The Viewpoints 2000 Group
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Differentiated Geometric Series Il

< 1/(1 —x) >
A
x3 x3
x2 x2 X3
1
1-—x
X X x2 x3
1 1 X 2 o
\
1 X ¥2 3
1 2
xel[0,1) = 1+2x+3x2+4x3+...=<1 )
—x

—RBN
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A Geometric Telescope

The two most basic series whose sums can be computed explicitly (geometric series, tele-
scoping series) combine forces to demonstrate the amusing fact that

Yo @m-1=1,

m=2

o0
where £(s) = Y ni is the Riemann zeta function. Namely,
n=1

¢2)-1  ¢(3)-1 ¢(4) -1

J J J

1 1 1 V212 11
22 23 24 1-12 22 1 21 2
1 1 1 o132 13 1 11
32 33 34 C1-13 322 32 2 3
1 1 1 _ e 14111
42 43 44 1-1/4 42 3 43 3 4
1

o0 o0

Exercises. (a) Y (—D)"(m)— 1D =1b) Y ¢QRk+1)—1) =1

m=2 k=1

—Thomas Walker
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An Alternating Series Il

. 1+1 1+1 2
2 4 8 16 3
1 1 1
1 1—=+-
2 2 4
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—RBN
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An Alternating Series Il

| 1+1 1+1 3
39 27 81 T4
1 1 ! 1 l+1
3 3
q #
| 1+1 1 | 1+1 1+1 . 1+1 1+
39 27 39 27 8l 39 27 -
\\| |//
— —_—
—Hasan Unal
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The Alternating Series Test

Theorem. An alternating series a; — a, + a3 — a4 + as — ag + - - - converges to a sum
Sifa >a>a3 >a4>--->0 and a, — 0. Moreover, if s, =a1 —a, +a3 —---+
(—1)"*'a, is the n™ partial sum, then s, < S < $3,41.

Proof.

ay—a

a

as
az —dy

as > S$2n

as—ag 7| San+1

de

A —1

Ayp—1— A2

An+1

\J

—Richard Hammack & David Lyons
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The Alternating Harmonic Series Il

> 1
> (=1)y'—— =12
n=0 I’l+1

y=1/x 2/3

1 3/2 2

4/5

2/3
4/7

1 54 32 74 2

1+1 1+1
4 5 6 7

1 1 1 1 1 1 1 1

8+9 10+11 12+13 14+15

21
:/ —dx =1n2.
1 X

—Matt Hudelson
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Galileo’s Ratios i

(Galileo Galilei, 1564-1642)

I 143 1+3+5

37547 7+49+11

Proofs Without Words III

1+3+---+@2n—1)

T QnA )+ Q43+ Gn—1)

n? n? 1

T =2 32 3

2n—1

2n/+ 1

2n+3

4n—1

—Alfinio Flores & Hugh A. Sanders
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Slicing Kites Into Circular Sectors

oo

_ 2" [1 — cos(x/2M)]° Xy X
Areas: ,12:1: /2T = tan (—) =, Ixl<m

Side Lengths: 2 i Ls(xﬂ”) = tan (f) x| <m
' = sin(x/2m~1) ’

2(1 - /2
sec(x/2) —1 LS(X))

sin(x)
1 — cos(x/2) :
sin(x/2) tan(x/2)
x/2 he
tan(x/4)

—Marc Chamberland
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Nonnegative Integer Solutions and Triangular
Numbers

For i, j, and k integers between 0 and n inclusive, the number of nonnegative integer solu-
tionsof x+y+z=nwithx <i,y < j,andz < kis

titjtk—n+1 — Ljtk—n — livk—n — litj—n>

wheret,, = 1 +2 + - - - + m is the m™ triangular number for m > 1 and t,, = 0 for m < 0.
E.g., (n, i, j, k) = (23,15, 11, 17):

(itk-nm+m—-k+1D)+(G+tk—n)

0,0, n)

(i,j,n—i—))

—Matthew J. Haines & Michael A. Jones
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Dividing a Cake

To cut a frosted rectangular cake into n pieces so that each person gets the same amount of
cake and frosting:

—Nicholaus Sanford
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The Number of Unordered Selections
with Repetitions

Theorem. The number of unordered selections of r objects chosen from n types with rep-
o . -1

etitions allowed is (n + r), the same as the number of paths of length n — 1 + r from
r

top-left to lower-right in the diagram.

1 2 3 4 5 6 7 8 n
> > re - :
! S
" o A :
2 o
v o |
: o
—————————————————— ‘{ ---»----»r———————————:——————:7
o o o o o ! --->|.--- o | |
r
- P —

Selection 3,4,4,...,6,...,8.

—Derek Christie
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A Putnam Proof Without Words

(Problem Al, 65" Annual William Lowell Putnam Mathematical Competition,
2004)

Basketball star Shanille O’Keal’s team statistician keeps track of the number S(NV) of suc-
cessful free throws she has made in her first N attempts of the season. Early in the season
S(N) was less than 80% of N, but by the end of the season, S(V) was more than 80% of N.
Was there necessarily a moment in between when S(N) was exactly 80% of N?

Answer. Yes.

Proof.

Exercises. (a) Answer the same question assuming that Shanille had S(N) > 0.8N early
in the season and S(NV) < 0.8N at the end; (b) What other values could be substituted for
80% in the original question?

—Robert J. MacG. Dawson
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On Pythagorean Triples

Theorem. There exists a one-to-one correspondence between Pythagorean triples and fac-
torizations of even squares of the form n> = 2pq.

Proof by inclusion-exclusion, e.g., for 6> =2 -2 -9:

A

S =d® 4+ —n*+2pgq,

Ll =d 4+ b e n=2pyg.

—José A. Gomez
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Pythagorean Quadruples

A Pythagorean quadruple (a, b, c, d) of positive integers satisfies a> + b* + > = d>. A
formula that generates infinitely many Pythagorean quadruples is

(m? + p* —n®)? + @mn)> + 2pn)* = (m® + p* + n?)*.

Proof.

<«—m—r>t—p2? — > n?

%

—— m2+pl—n2 ———p

< m2+ p2 + n? »

Note. While the formula generates infinitely many Pythagorean quadruples, it does not
generate all of them, e.g., it does not generate (2,3,6,7). A formula that does generate all

Pythagorean quadruples is

(m* +n* — p* — ¢*)* + (2mg + 2np)* + (2nq — 2mp)* = (m* + n* + p* + ¢*)*.

—RBN
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The Irrationality of +/2

By the Pythagorean theorem, an isosceles triangle of edge length 1 has hypotenuse /2. If
V/2 is rational, then some positive integer multiple of this triangle must have three sides
with integer lengths, and hence there must be a smallest isosceles right triangle with this
property. However,

1]
T

if this is an isosceles right then there is a smaller one
triangle with integer sides, with the same property.

Therefore /2 cannot be rational.

—Tom M. Apostol
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7. x 7, is a Countable Set

v

—Des MacHale
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A Graph Theoretic Summation of the
First n Integers

E.g,n=>5.

—Joe DeMaio & Joey Tyson
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A Graph Theoretic Decomposition of
Binomial Coefficients

() () 3)

Eg,n=5m=3.

I —2
c 3
isSiss:

a —— 5

—Joe DeMaio
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176

(0,1) and [0,1] Have the Same Cardinali

lim b, = 0

lima,=1
n—oo
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lim ¢, =lim d, = 1/4
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n—yo0
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—XKevin Hughes & Todd K. Pelletier
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A Fixed Point Theorem

One of the best pictorial arguments is a proof of the “fixed point theorem” in one dimen-
sion: Let f(x) be continuous and increasing in 0 < x < 1, with values satisfying 0 < f(x) <
1, and let fr(x) = f(f(x)), fu(x) = f(fu=1(x)). Then under iteration of f every point is
either a fixed point, or else converges to a fixed point.

For the professional the only proof needed is [the figure]:

A Mathematician’s Miscellany (1953)

Q

7

\

\j

—John Edensor Littlewood
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In Space, Four Colors are not Enough

S
Il
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)
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\

il

—Claudi Alsina & RBN
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NoTE: Several of the PWWs in this book (pp. 4, 35, 63, 79, and 100) are not listed here as
they may not have previously appeared in print.
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